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Terminating Simulation
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Steady State Simulation
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e Simulation Optimization

e &K Gl s 5 o 5 @

» For now, assume we obtain discrete smulation output Y, Yo, . . .,
Y .» Where the number of observationsm can be a constant or a

P random variable.
C—D v :Lg] 2 SZ(m)ng(y_-\?)Z
= m Ki=g' m-liog ' "
=

Sn(Y)
D Ymitm-l,alz L
> A/m
P . Thisinterval has half-width

Sa(Y)

d (a‘ ’m) = tm-1,a/2

Jm
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I, Initialize Between Replications « £ 55 ,» =l gjle acd ol , ©
.;ﬁ,u,\f'.iid@5}:r@j&awwﬁy&ﬁ)t{dw.ﬁs@gw|

= Category by Replication w5 s ) S5 sl I b 4 mls
C_D .,\Jdegwwreport
|<_E — Example: Total cost, percent rejected; 10 replications
—
- Replication Total Cost ($) Percent Rejected
= 1 21.281.24 12.6836
= 2 20.612.12 11.6059
N 3 20,023.67 9.2958
4 25.834.40 17.6084
5 24.748.90 13.3240
6 19,667.52 13.0201
7 19,565.40 11.0803
8 23.145.32 12.2655
9 19.931.75 9.6403
10 20.667.84 12.7830
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SIMULATION

Al sl sl 4 ) Olabl Jool 53
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Percent

Total Cost ($) Rejected
Sample Mean 21,547.82 12.33
Sample Standard Deviation 2,243.38 2.31
95% Confidence Interval Half Width 1,604.82 1.66
Minimum Summary Output Value 19,565.40 9.30
Maximum Summary Output Value 25,834.40 17.61
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S o3I g dlols Canas

Prefer smaller confidence intervals— precision

Notation: M = no. replications
Vm = sample mean
S, (Y) =sample standard deviation
tm-11-as2 = Critical value from ¢ tables

Confidenceinterval: Ym * tm 11-a/2

. t
Half'W| dth = m-11- a/ZSLm < Want this to be “small,” say

A/m < h where h is prespecified

Can't control tor s
Must increase m — how much?

12/17/2013
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S 831 g dlols Canas
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S 831 g dlols Canas

» Example: contact center

— Frominitial 10 rephcations, 95% half-width on Total cost was+1605
(7.4% of X = 21, 548)

e Let'sget theerror equal to 1%
— 0.01*21548=215. 48

— Firstformula m @L. 962(2243. 382/ 215. 482) = 416. 38,0
417

— Second formulas m @10( 16052/ 215. 482) = 554. 61,0555

— Modified Model

e In Run > Setup > Replication Parameters changed Number of
Replications to 555(conservative based on above)

— Got 22053+ 179. 32, satisfying criterion (overshot a bit?)
« BTW, from 417 replicationsgot 22093. + 214. 32
* Usemax of sample sizesfor precisions on multiple outputs

S o3I g dlols Canas

The efficacy of this method depends on the closeness of & (Y ) to
the unknown Var(Yi):
o If & (Y ) underestimates Var(Yi), then m will be smaller than
actually needed.
o If S (Y ) overestimates Var(Yi), then unnecessary replications will
have to be made.

e In practice the sequential method appears to have the following
advantages (Alexopoulos and Seila 1998):

1. The resulting confidence interval half-width isless than or
equal to the target value.

2. The variation in the final sample sizes and confidence
interval half-widths is substantially smaller.

12/17/2013
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Sequential Procedures

* Absolute Error: Suppose we would like to make k runs so that

CZD Pr(Y, - dEMEY, +d)?1-a, al (01, d>0
E » Chow and Robbins (1965) showed that the stopping rule
-
é 202 .2 u
* A d ‘t Ve
= m :mingm3 2:d(m,a)£\/m ( k'll)’alzg
= m(m -
0p] é a
S, (Y)
where d(a,m) =t,,. S
( ) m-1l,a/2 m
satisfies |imPr(Y . -dEmEY . +d)31- a
d® 0 m m

Sequentia Procedures

e Thefollowing simpler stopping rule works quite well in practice:

m" =min[m? 10:d(m,a) £ d]

» Theimplementation of sequential sampling in
Arenaisdescribed in Chapter 12 of the text by
KS& S. Page 525 through 529

SIMULATION
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analr 55 (5180l duy s

X; = Thefirst strategy. Assume X;,X,, . .. X, i.i.d. normal with
unknown mean z, and unknown variance.

Y; = The second strategy. Assume Y, Yo, ..., Y, i.i.d. normal with
unknown mean x, and unknown variance.

Goal: Obtain confidence interval for uX — pY

- 1 n B 1 m
X — = X, and Y, = — Y; (sample means
n ; m ; ( p )

Sﬁ(X) = (sample variance of Xs) [S,%(X)/n 4 an(Y)/m]Q

Y=
52 (Y) = (sample variance of Y's) |

m

SX) _Sa(Y)

n m

7

Bx — py € XTL - Ym + tl/,a/Q\/

[S2(X)/n]? o [S%(Yl{m‘]Z :

analr 33 GlgeSile 4y i

X; = Thefirst strategy. Assume X;,X,, . .., X, i.i.d. normal with
unknown mean z, and unknown variance.

Y; = The second strategy. Assume Y, Yo, ..., Y, i.i.d. normal with
unknown mean z, and unknown variance.

Goal: Obtain confidence interval for uX — pY

B 1 n - 1 m
X, = = ;Xi and Y, = = ;K (sample means)

Sfi (X') = (sample variance of Xs) [S,% (X)/n+ S?n(Y)/m]2
V= : 7 -
an(Y) = (sample variance of Y's) [Szifi){”]) + [Sg",ﬂfl{"‘]

S2X) _ 5a)

n m

)

px — My € XTL - Ym + tl/,a/Q\/

12/17/2013
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analr 55 (5180l duy s

» Taken observations n from both strategies and

|<—: D= liDZ (sample mean of D;)
— (L =il
2 . L i
(7) Sn(D)* nl;(Di Dn)
= 5
Ux — Hy € Dn j:ta/Q,nfl 7(7, )

analr 33 GlgeSile 4y i

* Trick: Try to make X; and Y, positively correlated.

Var(D,) = (1/n)Var(D;)
1/n)Var(X; — Y;)
Var(X;) + Var(Y;) — 2Cov(X;, Y;)|/n

Var(X;) + Var(Y;)|/n,

(
(

[
[

SIMULATION

e Thistrick may result in small S?,(D) and, hence, small confidence
interval length.

e Thetrick sometimesworks if both scenaria are run under as nearly
identical conditions as possible.

e Thisisknown as common random numbers, and is often easy to do
since we can control the simulation’s random number streams.

15
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SIMULATION

analr 55 (5L Silen 4y s

* Output Analysis:

Z Analyze . P
o EBatch/Truncate Obs'ns. .. = d U:“ ‘5"»
= Lumped <l b
Correlogram. .. 1S
— AN S g
< Conf. Interval on Mean
1 Conf, Interval on Std, Dev,.. Standardized Jime Series. ..
D ompare Means. ..
E ompare Yariances. ..
Cine-tWay AROYA,
(dp) dasiio p Olwed! Jolgd

S (o Sl S 1)

A (0 ol 93 (Sl B (Sl p Glsedo! dhold O
Ol axole 93 (ol pls Al a0 Hlaie old dbold 514
.

x— tuﬁ,,_ls/\-’ﬁ =p=X+ fmﬂ_‘_lsf\';
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e Output Analysis:

niff

9% CL tast Walue

25624003

1 & Be+003

‘ Paired-T Means Comparison :

IDENTIFIER ESTD. MEAN STANDARD 0.950 C.I. MINIMIM MAXIMUM  NUMEER
DIFFERENCE DEVIATION HALF-UIDTH VALUE VALUE OF OB3
otal Cost 2.56e+003  3.68e+003 731 1.93e+004  3.9e+004 100
1.93e+004 Z.94e+004 100

REJECT HO => MEANS ARE NOT EQUAL AT 0.05 LEVEL

nolr 53 (5lguily 515 e s

obols Gl s Sl dloes j3 aST (gl abail, @
Cwl oo dly o8 @

51 o _ sy
gf l—a/2m—tm—1 = o3 = gfufz,nz—lm—l

SIMULATION
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Comparing k > 2 Scenarios
*ANOVA
*Multiple Comparison Procedures.
*Simultaneous Confidence Intervals:

*Bonferroni.
*Tukey-Kramer.
*Ranking and Selection Procedures.

*Subset Selection
|ndifference zone

ANOVA

55 03Ul ANOVA jl analr i (1280l (5 01 4l sl

S b run '\

Treatment \Obsmr.wns Totals Averages
o\ re Yin ) M Fi-
w 2y o m V. 2
Ya Ya o Ven Yor Vs
¥..

Y-

b 315N Jold g0 i 5
run
Yij =M+t + g

Hyym=m=L=m or Hy=t;=0
H, : At least one mean isdifferent

12/17/2013
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The Analysis of Variance

» Total variability is measured by the total sum of squares:

a n
o O —
ss;=aa -y
i=1 j=1
» Thebasic ANOVA partitioning is:

aaw-vy=aaly.-v)+y,- v
i=1 j=1 =1 j=1

=ng (V.- y)*+a a ;- v.)°

i=1 i=1 j=1

S5 = SStreatments T S5

The Analysisof Varianceis
Summarized in a Table

Table 3-3 The Analysis of Variance Table for the Single-Factor, Fixed Effects Model
Sum of Degrees of Mean

Source of Variation Squares Freedom Square F,
SsTmunenu MS
Between treatments N oo _ — MStumens
=n 21 (yi. - y_)z a 1 MSTmtmems Fo —MSE
Error (within
treaml(ents) 8Sg = 887 — SStreatments N-a MS;
a n
Total Ssr=_§‘= 21()’11 -3¢ N-1
i=1j=

F>F

a,a-la(n-1)

12/17/2013
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analer A (5SSl g lie

dat L s a1y alie aaiein 55 L L ATENA ;5,18 plgl, @
) 65l 4 5k 55 el ks b aadetin 655 (gl L L 3870 5
> 5sRUN
WJ;gu\om)tso;,p\;\w)ﬁJ;luu—l
* Base case—all inputsas origina Model 5-3, no extra
resources

* More-resources case — Add 3 trunk lines (29), 4 each of

New Sales, New Tech 1, New Tech 2, New Tech 3, and
New Tech All

* Moderate-resources case — Add 3 trunk lines (29), one for
New Tech All

SIMULATION

(Model: 6-4) .ows™ run 5 G 100 &l g 1y Jow

Anova

e
heal

Y A '

(110 §] Low

SIMULATION
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Anova

One-Way ANOVA Table:
L1 -  Total Cost
L2 - Tota Cost
L3 -  Total Cost

SOURCE OF VARIATION SUM SQUARES DF MEAN SQUARES  F-EXP

BETWEEN TREATMENTS 3.326e+008 2 1.663et008 19.525
ERROR (W.TREATMENTS) 253e+009 297 8.52e+006

TOTAL 2.863e+009 299 F-CRIT 3.026
REJECT HO =>NOT ALL MEANS ARE EQUAL AT 0.05LEVEL

BONFERRONI METHOD OF MULTIPLE PAIRWISE COMPARISONS
** COMPARISONS PERFORMED AT THE 0.05 LEVEL **

LOWER LIMIT UPPER LIMIT
41994 < MU(1)-MU(2) < -6526
565 < MU(1)-MU(3) < 2553
1565 < MU(2)-MU(3) < 3553

ansl> L 6l o o) Sl las

Notation

e i=1,2,...,kalternatives.

* Yjisthejth simulation output from system .

e Outputsfrom systemi (Y;, Yip, . . ) @ei.i.d (impliesreplications).
o ui=EY;]

+ o%=ValY;].
e p=Pr{Y;>max; Y} whenYy Yy, ..., Y, aemutudly
independent.

e Multiple Comparison Method: Doing all pair hypothesis tests for
al pair scenarios .
e Problem: Type | error inflation. Independent statistic %g;
a overal =1- O (1'ai)

i=1

12/17/2013
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anale L= (gl o Ol lis

Form simultaneous confidence intervals for

% mo=m;, forali?® |

I: Systems are simulated independently. i.i.d. outputsY;q, Yi,, . . ., Y i
< _ n

) i n P21 ij

g s?=1 la( 1% - Y,)? pooled variance estimator

0p) ki :1n ij

Tukey’s simultaneous confidence intervals are
g, QY 1 )

. s+l v=8 (n-1
i J /_2 n. n. - i

J

Coverage > 1 — a for any values of then,.

amsl> L 6l o o) Sl las

95% Quantiles Q, %) of the Studentized Range Distribution

ANk 3 4 5 6
5 460 522 567 6.03
10 | 3.88 4.33 4.65 4.91
15 | 3.67 4.08 4.37 4.60
20 | 358 3.96 4.23 4.45
30 | 349 3.85 4.10 4.30

SIMULATION
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anale L= (gl o Ol lis

EXAMPLE

Suppose that there are only k = 4 systems. For each,

we take n = 6 replications, giving the following summary data on
response time in milliseconds:

P 1A 7 7 P S T ), SO 2 (10
Determine, with confidence 0.95, bounds on the difference between

the expected response times of each alternative. Then Tukey’s
procedure forms CI’ s with half-widths

=
=
=
—
-
=
w

3.96 11 ,
= 100.9 (g + g) = 16,
+  where Q,,,%% =3.96isfrom Table 1. For instance, aCl for p, — i, is

e 85-62+ 16, or 23 + 16. Since this confidence interval does not contain O,

assuming shorter response time is better, we can informally screen out
System 2 from further consideration.

amsl> L 6l o o) Sl las

Bonferroni inequality:

k 0 k N
CZ) ool EZ£Q p(E) k=2pP p(EEE,)EP(E)+P(E,)
= i=1 g =1
—
i E : The probability of wrongly rejecting the ith hypothesis.
% overa = p(Ell‘E EZ)E 2a 8 overal I2£a
(_T) g number of confidence interval
a2 Sa (i) , Sy (). g
i-in-tv,aIZQ . + ) v=a (ni'l)
n; n, i=1

23
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Caliden 55U IT (63U 5 3ldns s L
Ranking & Selection
I G PE T CRUNICIIN BN TR S PN | R A PN SN R G N BN G

JB Sleds Dose opl 0o el sdate 55 LIS (0 56 gy & 50
.J)‘-U JJ;.JK

New Tech 1, 6hﬂiuﬁ:ﬁyv:k‘}5q4gdtg-dbi)\};p4{ °
> New Tech 2, New Tech 3, and New Tech All
):()TJ&JSQM:@A\?U&&A&L@;‘bMC}EJ
2)ls et Ranking & Selection (L. 4.
1. Subset Selection
2. Indifference Zone

=
=
=
—
-
=
w

Calides 55U T (63L 5 dldas aus s
Ranking & Selection

» We cannot guarantee a “ correct selection”

» |nstead two measures can be used: 1-
Probability of Correct Selection 2-Simulation
Budget or replication

* Y jth output from i system or scenario
* Y;=vector of Y,

 noutputs from each of k systems

o Itisassumedthat iy < p, < pge.. < py -

SIMULATION
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Caliden 55U IT (63L 5 3ldns s L

Subset-Selection
» Selecting systems such that
Pr{k7 1}31-a 1/k<1-a<1

e ldedly |l [F1. Gupta s solution. Choosing systems
where _ _ 2
X;(n)? max Xi(n)- hs Py

+ X, (n) isthe sample mean of n outputs from system |
* h should be found:

=
=
=
—
-
=
w

Priki 1}= Pr. X, (n)3 max X (n) - hs(%
Pri{ki 1}= Pr|Xk(n)3X(n) \/Z i1k
f n Y)

Caliden 55U T (63L 5 dldas aus s
Subset-Selection

_py Xi()- xk(n) Mm-m) o Mm-m) .y, U
0 2/n s4/2/n
3 pr{z, £ h,i =12,.,.k-14=1-a
* (Z,,Z,,...,Z,.1) have aMultivariate Normal Variable with mean O,
variance 1 and common pairwise correlation %.

e S0 h needsto be the 1-a quantile of the maximum of such a
multivariate normal dist.

e Why the above inequality isright?
» Disadvantage: Set | may, and likely will contain more than one
system.

SIMULATION
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Caliden 55U IT (63L 5 3ldas s L
Indifference Zone

* Thereisno procedure that can guarantee a subset of
sizelsuchthat pr{k7 1}31- a 1/k<1- a<1

* Instead we guarantee to select the best with probability
1-awhenitisat least 6 better. (1 - .1 >9).

» §:isthe smallest value we feel isworth detecting
Procedures: 62hs 20

1- From each system, take " = £ d2 g

2- Select the system with the iargest sampie mean as the best

h needs to be the 1-a quantile of the maximum of such amultivariate
normal dist.
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Caliden 55U T (63L 5 dldas aus s

Subset-Sel ection

CZ) Prisdect k}=Pr{X,(n)s X,(n)," i1 k}
> e X K(m)-(m-m)  (m-m) 4
i Pr% sv2/n <s.2/n'I {\;
% _ _

3 1Xi(n)- Xy (n)- (m - m) d - ki,J
D Pr} s+/2/n <s«/2/n’ ! %

3 Pr} Xi(n)_ >?k(n)_ (m - m() <h," i1 kl}j

i s+/2/n
=pr{z,<h"i=12,.,k-1=1-a
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Calides 550 IT (6L 5 sl 4w lis The
Boesel, Nelson, and Kim Procedure

Set ti =t1_ (a-a) D o 1

2c 2 2gq 2

ti Si +tJSj

n; nj

SetW; =

Keep scenario i in the subset if
Y 3Y, - W, -d) foralljti
d: Error tolerance (also called the “indifference zone™)

A subset selection method with indifference zone!
Used in ARENA!!!

Cakies 550 IT (6L 5 sluws awwlis The
Boesel, Nelson, and Kim Procedure

Suppose n =10, 1-a =0.95, k =3
Y, =10)Y, =8Y, =5,52 =10 for all i
Sett, =t =toos0 = 2.25

1- (0.95)1CG-V 10-1
2 2

Setw, :\/2.25 10 ,2.25° 710 _ .4
j 10 10

Keep scenario i in the subset if
Y. 3Y, - (3.18-d)" forallj i

12/17/2013
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Calides 550 IT (6L 5 sl 4w lis The
Boesel, Nelson, and Kim Procedure

If d =0, then we retain scenarios 1 and 2
Y,=8>10- 3.18 =6.82

Y,=5<10- 3.18 =6.82

If d =2, we retain only scenario 1
Y,=8<10- (3.18- 2)" =8.82

Controlling Error

If our goal isto find the best, then we can
Increase the number of replications until the
subset has only one scenario

Thereisno direct way tell how many
replications will be needed, but don’t add fewer
than 10 replications at atime

12/17/2013
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Process Analyzer (PAN)

® E9 TP Niguy b (A trwgi Jho Uil b1y 395 I ¥l p 5 cul o
$4igs> . 0gh (o0 a>Lw Arena o B pl s

b ol P Ly b dol B pla LB 550w gl Il 0
* Run>check model or press F4

Tojel
N

7
/" Scenarios

S
/ Charts

y
J Response
/
//
/
ys Controls

PAN )\ ool O)’r.;

S 2 P s b B Sl -1
Run>check model
(=S o0 sl L Project oS 5w, PAN -2
L SleMbl e s 5ok pb P Lises b o6 INSEIT Scenario... ;lestil L -3
'r‘:;su;‘")\}
New Tech 1, 5 s awleS a,L5 sluws o Insert Control « 51 -4
Olse 4l )New Tech 2, New Tech 3, and New Tech All

(2503 5525 T adsl p3lie) oS (oo 3505 sl 3 J 87
Total CoSt e aw jl & s 5L 4w slaw & INSENt Response « 54 -5
.mfdajbxjuﬁéwli Olge a1y percent rejected
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PAN i o3lizul s g

S o s 1) L 5 = INSEIE Chart 51 estizal U

ol ot 1, Box plot s s Js! r\fﬁ

S st 1, Total Cost g rL?)a

Il 503 505 o3l 1, [dentify Best Scenarioswtﬁ ¢€ 53
I, Error Tolerance :poomes .18 w1, “ Smaller is Better”
sl 3 ae b Bl p

LS SIS show best scenario” s,

|dentify the Best in PAN

Chart Wizard: Step 4 of 4 - Set axis categories

2 axis origntation (degrees): Line width:
CheCk bOX Data set identifiers: 3 j‘ !
causes PAN to Feerar | a0 —
identify all Soenaria 3
scenaria that =

might be the best

The error
. ™ Include Row #s
tolerance is how ¥ Idenily Bes! Scenaios

far you are willing ; Bigger s balter TScenar 1
Smaller is better

FO be (_)ﬁ from Enmor Tolerance: [0

including the true
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< Back I Finish | Cancel I Help |
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Error Tolerance

The procedure guarantees, with 95%
confidence, to provide a subset of scenariathat
contains the best when Tolerance =0

When Tolerance > 0, the subset will contain the
best, or a scenario within Tolerance of the best,
with 95% confidence

Ture or False? (Error tolerance = 0.05)

Scenario 1 has largest sample average utilization
Scenario 1 has the largest expected utilization with 95%

With 95%, utilization of scenario 1 iswithin 0.05 of the
true maximum utilization

The expected utilization for scenario 2 (3 or 4) may be
larger than the expected utilization for scenario 1

Box represents 95% confidence interval for utilization
of each scenario

Suppose the box of scenario 1 isfrom 0.88 to 0.91. It
means that 95% data are between 0.88 and 0.91

12/17/2013
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True or False? (Error tolerance = 0)

» The subset contains the true best scenario with
QR0A ~nonfidence
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OptQUESt ;i oslizul b g jliw p 2 Sl

HH®

for A?"e?’ld

SIMULATION
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SIMULATION

OptQuest

e Like PAN, OptQuest
¢ Runsasa separateapplication ... can belaunched from Arena
e “Takesover” therunning of your model
¢ Asksthat you identify the input controls and the output (just one)
response obj ective
— Unlike PAN, OptQuest
* Allowsyou to specify constraints on the input controls
« Allowsyou to specify requirements on outputs
« Decidesitself what input-control-value combinationsto try

* Usesinternal heuristic algorithms to decide how to change the input
controlsto move toward an optimum configuration

SIMULATION

¢ You specify stopping criterion for the search
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